INTRODUCTION
This paper reviews some of the different formulations of the force exerted on a submerged body by the fluid flowing around it. The study is particularly focused on identifying the most appropriate formulations and their inherent assumptions and experiment conditions that fit the present day experimental techniques.
Even from the start, we will only look at intrinsic methods that evaluate the force through the observations of changes within the flow as opposed to extrinsic methods that evaluate the force through the observations of the body and direct measurement of the force.
While extrinsic methods rely on strain-gage measurement tools, the intrinsic ones employ the Particle Image Velocimetry method.
The advantages of using intrinsic methods are the possibility to measure sectional forces instead of global ones, the possibility of measuring small force levels, the applicability of these methods to natural situations where strain gages cannot be used and the possibility to analyse subtle fluid-structure interaction phenomena and relationships between vortex formation and aerodynamic forces [1] .
On the other hand, the disadvantage is the significantly higher complexity of intrinsic methods which require in-depth knowledge of the limitations of the utilised mathematical tools and experimental methods [2] .
GENERAL INTRINSIC FORMULATION
In order to derive the aerodynamic forces acting on a submerged body, we will start from the conservation of momentum principle with its integral formulation.
For this purpose, a time-dependent material control volume will be considered, , bounded by a material surface, .
The control volume is chosen such that it is a simply connected domain and surrounds the submerged body. For this reason we have:
Fig. 1 -Control volume analysis
The conservation of momentum integral formulation [3] :
where
and
Where p is the pressure, Σ is the stress tensor for a Newtonian fluid and T is the viscous stress tensor [4] .
The volume force f  is generally attributed to gravitation and is flow independent so it can also be measured when the flow is off and then subtracted from the forced measured when the flow is on.
For this reason we will disregard it for simplicity of computations. The other right-hand term of equation (2) can be written in the following way:
In order to evaluate the last term of the equation (5), we will consider the cross-section of the umbilicus infinitesimally small so that is constant at a particular longitudinal position.
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Hence, slicing the umbilicus longitudinally we can evaluate the integral over one of the obtained rings:
The body surface term can also be expressed in the following way:
Where F is the force exerted by the fluid on the body. Using equations (2), (3), (5) and (7) we obtain:
In order to use an arbitrary volume instead of a material one, we use the Reynolds Theorem and we get:
where is the velocity of the surface s u ) ( * t S Therefore (8) can be written:
The same decomposition of surface and integration by parts can be made for the second term of equation (10) and we obtain:
From equations (10) and (11) we obtain the final expression of the force exerted by the fluid on the body:
DISCUSSION
In this chapter we will examine the practical ways one can use equation (12) in order calculate the actual force acting on a body using known experimental techniques.
u involves the knowledge of the velocity field u(t) in an arbitrary closed volume V(t) but also its time derivative. This means we need to have experimental data about the entire velocity field at several moments in time, close enough to obtain derivatives.
This type of experimental data can be obtained by utilizing the PIV -Particle Image Velocimetry -method.
The second term
requires the knowledge of the velocity field over the bounding surface S(t) but it also requires the knowledge of the pressure field.
The viscous term T can be evaluated from the velocity field. For incompressible flows ( ) using equation (4) this term can be written as:
where ω is the vorticity vector, which can be derived from the velocity field.
The third term dS
can be evaluated by imposing boundary flow conditions. Imposing no through flow conditions:
This third term equals zero. In other conditions, this term can also be evaluated by imposing, no slip conditions or rigid body motion conditions or body motion with sliding walls conditions.
The conclusion is that in order to use equation (12) we need to know the pressure field. However, there are no current experimental techniques that accomplish that.
This means we need to further evaluate the pressure term. There are approximate and exact methods.
Also, from the exact methods some imply a single integration and others require two integrations, some imply an infinite domain, others imply a finite domain [1] .
DOUBLE INTEGRATION FORMULATION
Starting this point we will assume only flows with constant density in time and space and we will set the dimensionless unit 1   . We will solve the pressure term evaluation by using the differential form of the NavierStokes equations:
Then the pressure at any location x on the surface S(t) at time t is given by:
Where is an arbitrary starting point and the path is also arbitrary within the volume V(t) or on the surface S(t). The pressure term becomes:
Because we have:
Then (17) becomes
Using (19) we can rewrite equation (12):
Using this equation we can calculate the force exerted on the body by knowing the velocity field and its derivatives and by performing a double integration. It is however strange that the right-hand side seems dependent on the starting point . (20) is by considering the volume V(t) shrinking to 0, and the surface S(t) becoming S b (t). This leads to:
This formulation however assumes we can obtain data about the velocity field in the near vicinity of the body which using the PIV method is difficult to obtain with a goodenough precision.
INFINITE DOMAIN FORMULATIONS
Another approach is to consider an infinite simply connected domain. We will assume that there is no net circulation, that 0   S u and that the viscous terms are negligible at infinity leading to:
Now, equation (12) will have the following expression:
We will further use the Impulse-Momentum Identity:
where N is the space dimension.
For example N=1 for a 2D flow. By using the equation (1) and the same method as before we obtain:
We also know that the vorticity is expressed as follows:
By using (27) and (28) we rewrite (25):
One of the terms can be further expressed:
where we also used equation (15). The pressure term can be written using the Pressure Identity:
Equations (29), (30) and (31) lead to:
The assumptions of the expression above are the incompressible flow, extending to infinity and enclosing all the vorticity, the viscous and convective terms vanish at infinity.
This formulation involves only one integration and knowledge of the velocity field and its derivatives.
FINITE DOMAIN FORMULATIONS
In this chapter we will derive the formulations of the force exerted on the body by the fluid for finite domains and using only one integration step.
For a finite domain, equation (12) becomes:
The time derivative term over the surface S(t) can be rewritten using the mathematical procedure described by Noca and we obtain:
Thus equation (33) becomes:
This formulation is more general than the ones before as there are fewer assumptions; the body does not have to be rigid, solid, the flow can be rotational and viscous, the control volume is arbitrary. Equation (35) can be further expressed as follows:
This formulation is very similar with equation (20) which shows that the double integration in equation (21) can be also evaluated through a single integration non-dependent on a starting point.
CONCLUSIONS AND FUTURE WORK
In the previous chapters we derived some of the possible formulations of the forced exerted on a body by the fluid, which are more applicable for experimentally obtained data through the Particle Image Velocimetry method.
In order to choose the best force calculation method we need to understand well the conditions of the particular body-fluid interaction and body properties as well as the limitations of the PIV methodology.
PIV was developed as a 2D methodology, measuring the velocities within a plane and providing no indication on normal to the plane velocity components. Now, it has evolved into a 3D method as well but with considerably higher set-up and calculation complexity [5] . Another PIV constrain is its resolution.
Usually, the set-up is made for a specific velocity range so the out of the range values are not very well registered.
For this reason, the boundary layer of the fluid near the body, where velocities reach small values will not have a very well determined velocity profiles.
Another characteristic to be taken into account is the extent of space around the body that can be well covered by the PIV set-up.
Getting data further away from the body becomes very difficult due to the set-up limitations.
As we mentioned before, the body characteristics also matter. We can have rigid and deformable bodies, which means can be time dependent or independent, we can have no-through flow bodies or flows through the body, and we can have no slip wall conditions or sliding walls.
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The fluid-body interaction is also a determinant of the appropriate method to use. The body motion can be steady, with constant velocity profiles and simpler vortex profile; it can be quasi-steady or even just unsteady. Equation (20) can be used in most experimental set-ups but it has the disadvantage of a double integration which can lead to error magnification.
In addition, the first volume term needs a good knowledge of the velocity time derivative profile in the boundary layer. For steady cases, this term is zero but in unsteady cases, this leads to higher signal noise. Equation (32) can be used but the integration domain has to extend to infinity or far enough to include all the vorticity.
Usually, most interactions lead to vorticity extending to infinity thus making this method inappropriate. However, if it can be shown that vorticity decays very fast, the formulation can provide good results. Equation (35) can be utilised for any domain extents. Its constraint comes from the first term, where for unsteady boundary layers the first volume term leads to high noise levels. Equation (37) has very similar conditions of applicability as equation (35), however, for unsteady boundary layers it has been shown that it provides more exact outcomes, meaning that vorticity volume integration provides worse results than velocity volume integration.
This could also be a result of the moment amplification of the error, , or a result of the fact that the vorticity field is deducted out of the velocity field leading to some added computation error.
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In conclusion, all different force formulations are valid and can be used with the Particle Image Velocimetry data but the accuracy of each outcome depends on the problem definition. As a future objective, experimental work should be performed and test the different equations for different flow conditions, steady, unsteady, quasi-steady, and also for different domain ranges.
